In this paper, we prove the global rigidity of sphere packings on 3-dimensional manifolds, which implies the uniqueness of hyperbolic structure on 4-dimensional manifolds. This is a 3-dimensional analogue of the rigidity in Andreev-Thurston Theorem conjectured by Cooper and Rivin in [5] . We also study the global rigidity of the combinatorial scalar curvature introduced by Ge and the author in [13] .
Introduction
To study the hyperbolic metrics on 3-manifolds, Thurston ([35] , Chapter 13) introduced the notion of circle packing with prescribed intersection angles and got the AndreevThurston Theorem, which is composed of two parts. The first part is on the existence of circle packing for a given triangulation, saying that the admissible space of combinatorial curvature is a convex open set bounded by some hyperplanes determined by the combinatorial and topological structures of the triangulated surface. The second part is on the rigidity of circle packings, saying that the circle packing is uniquely determined by the discrete Gauss curvature (up to scaling for the Euclidean background geometry). For a proof of Andreev-Thurston Theorem, see [4, 6, 23, 32, 34, 35] .
There are lots of research on related topics of Andreev-Thurston Theorem. Chow and Luo [4] once introduced a combinatorial Ricci flow to deform circle packing metrics and gave a new proof for Andreev-Thurston Theorem. Ge and the author [11, 12] introduced a new combinatorial Gauss curvature for triangulated surfaces and got a generalization of Andreev-Thurston Theorem. We further introduced several combinatorial curvature flows, including combinatorial Ricci flow, Calabi flow and Yamabe flow, to deform the circle packing metrics, aiming at finding circle packing metrics with given combinatorial curvatures. Thurston's circle packing metrics could be generalized to circle packing metrics with inversive distance [3, 24] and piecewise linear metrics [27] . For the rigidity theory of these metrics, we refer the readers to [2, 14, 21, 22, 29, 30] . For the deformation theory of these metrics, we refer the readers to [8, 9, 14, 19, 20, 27, 36] .
To study the high dimensional analogy of the circle packings on surfaces, Cooper and Rivin [5] introduced the notion of sphere packing on 3-dimensional manifolds. Suppose M is a 3-dimensional closed manifold with a triangulation T = {V, E, F, T }, where the symbols V, E, F, T represent the sets of vertices, edges, faces and tetrahedrons respectively. A sphere packing metric is a map r : V → (0, +∞) such that the length between vertices i and j is l ij = r i + r j for each edge {i, j} ∈ E and the lengths l ij , l ik , l il , l jk , l jl , l kl determine a Euclidean or hyperbolic tetrahedron for each tetrahedron {i, j, k, l} ∈ T . The nondegenerate condition restricts the space of sphere packing metrics to be an open subset of R |V | >0 , which is denoted as Ω in the following. To study the properties of sphere packing metrics, Cooper and Rivin [5] introduced the notion of combinatorial scalar curvature K i , which is defined as angle deficit of solid angles at a vertex i K i = 4π − {i,j,k,l}∈T
where α ijkl is the solid angle at the vertex i of the tetrahedron {i, j, k, l} ∈ T and the summation is taken over all tetrahedrons with i as one of its vertices. When we are discussing in a single tetrahedron {ijkl} ∈ T , we usually denote the solid angle α ijkl at the vertex i as α i for convenience in the following. K i locally measures the difference between the volume growth rate of a small ball centered at vertex v i in M and a Euclidean ball of the same radius. Cooper and Rivin's definition of combinatorial scalar curvature is motivated by the fact that, in the smooth case, the scalar curvature at a point p locally measures the difference of the volume growth rate of the geodesic ball with center p to the Euclidean ball [1, 26] . From this viewpoint, Cooper and Rivin's definition of combinatorial scalar curvature is a good candidate for 3-dimensional combinatorial scalar curvature with geometric meanings parallel to the smooth case. For convenience, we call Cooper and Rivin's definition of combinatorial scalar curvature as CR-curvature for short in the following, if there is no confusion. Using the combinatorial scalar curvature K, Cooper and Rivin [5] proved the following local rigidity of sphere packing metrics.
Theorem 1.1 ([5]
). Given a closed 3-dimensional triangulated manifold (M, T ), a Euclidean or hyperbolic sphere packing metric is locally determined by its combinatorial scalar curvature K (up to scaling for the Euclidean background geometry).
The global rigidity of sphere packing metrics is then left as a conjecture and the existence is left as an open problem. Glickenstein [15, 16] once introduced a combinatorial Yamabe flow to study the corresponding constant curvature problem. He found that the combinatorial scalar curvature evolves according to a heat type equation along his flow and showed that the solution converges to a constant curvature metric under some nonsingular conditions. Luo [28] once introduced a combinatorial curvature flow to deform metrics of triangulated three-dimensional manifolds with boundary. The definition of curvature he used is different from that of Cooper and Rivin's definition. Ge and the author [10, 11] generalized Cooper and Rivin's definition of combinatorial scalar curvature and introduced a combinatorial Yamabe flow to deform the sphere packing metrics aiming at finding the corresponding constant curvature sphere packing metrics on 3-dimensional triangulated manifolds.
In this paper, we prove the global rigidity of sphere packing for 3-dimensional triangulated manifolds, which was conjectured by Cooper and Rivin in [5] . We get the following main result.
Theorem 1.2. Given a closed connected triangulated 3-manifold (M, T ),
(1) A Euclidean sphere packing metric on (M, T ) is determined by its combinatorial scalar curvature K : V → R up to scaling.
(2) A hyperbolic sphere packing metric on (M, T ) is determined by its combinatorial scalar curvature K : V → R.
Although CR-curvature is a good candidate for the 3-dimensional combinatorial scalar curvature, it has two disadvantages comparing to the smooth scalar curvature on Riemannian manifolds. The first is that it is scaling invariant with respect to the sphere packing metrics, i.e. K(λr) = K(r) for λ > 0; The second is that K i tends to zero as the triangulation of the manifold is finer and finer. Motivated by the observations, Ge and the author [11] introduced a new combinatorial scalar curvature defined as R i = K i r 2 i for 3-dimensional manifolds with Euclidean background geometry, which makes up the two disadvantages just mentioned if we take g i = r 2 i as an analogue of the Riemannian metric tensor for the Euclidean background geometry. This definition can be modified to fit the case of hyperbolic background geometry. In summery, we define the combinatorial scalar curvature as
where s i = r i for the Euclidean background geometry and s i = tanh r i 2 for the hyperbolic background geometry. In the following, we call the combinatorial scalar curvature defined in (1.2) as R-curvature for short. For R-curvature, we have the following result on global rigidity. Theorem 1.3. Given a closed triangulated 3-manifold (M, T ), R is a given function defined on the vertices of (M, T ).
(1) In the case of Euclidean background geometry, if R ≡ 0, there exists at most one sphere packing metric r ∈ Ω with combinatorial R-curvature 0 up to scaling; If R ≤ 0 and R ≡ 0, there exists at most one sphere packing metric r ∈ Ω with combinatorial R-curvature R.
(2) In the case of hyperbolic background geometry, if R ≤ 0, there exists at most one sphere packing metric r ∈ Ω with combinatorial R-curvature R.
We further extend our definition of combinatorial scalar curvature R to combinatorial α-curvature, which is defined as
For the α-curvature, we have the following global rigidity.
Theorem 1.4. Given a closed triangulated 3-manifold (M, T ) and R is a given function defined on the vertices of (M, T ).
(1) In the case of Euclidean background geometry, if αR ≡ 0, there exists at most one sphere packing metric r ∈ Ω with combinatorial α-curvature R up to scaling. If αR ≤ 0 and αR ≡ 0, there exists at most one sphere packing metric r ∈ Ω with combinatorial α-curvature R.
(2) In the case of hyperbolic background geometry, if αR ≤ 0, there exists at most one sphere packing metric r ∈ Ω with combinatorial α-curvature R.
Obviously, Theorem 1.4 generalizes Theorem 1.2 and Theorem 1.3. The paper is organized as follows. In Section 2, we recall some basic facts on sphere packing metrics for 3-dimensional triangulated manifolds and give some useful lemmas for the extension of functions. In Section 3, we give a proof for Theorem 1.2. In Section 4, We study the global rigidity of R-curvature and give a proof for Theorem 1.3. In Section 5, we generalize the results to α-curvature.
Preliminary

Admissible space for sphere packing metrics
Suppose M is a 3-dimensional connected closed manifold with a triangulation T = {V, E, F, T }, where the symbols V, E, F, T represent the sets of vertices, edges, faces and tetrahedrons respectively. A sphere packing metric is a map r : V → (0, +∞) such that the length between vertices i and j is l ij = r i + r j for each edge {i, j} ∈ E, and the lengths l ij , l ik , l il , l jk , l jl , l kl determine a Euclidean or hyperbolic tetrahedron for each tetrahedron {i, j, k, l} ∈ T . We can take sphere packing metrics as points in R N >0 , N times Cartesian product of (0, ∞), where N = |V | denotes the number of vertices. And we use the notion C(V ) to denote the set of functions defined on the set of vertices V . If r is a sphere packing metric on (M, T ), we can image that there is a 2-dimensional sphere S i with radius r i attached to each vertex i with i as center. And if the vertices i and j are adjacent, the two spheres S i and S j are externally tangent.
As l ij = r i +r j , it is obviously that the triangle inequalities are all satisfied on the faces. However, in order that l ij , l ik , l il , l jk , l jl , l kl determine a Euclidean or hyperbolic tetrahedron, there should be some nondegenerate conditions. It is found [5, 15] that, for the Euclidean background geometry, Descartes circle theorem, also called Soddy-Gossett theorem, can be used to describe the critical degenerate case. For the Euclidean background geometry, the admissible space for a tetrahedron {ijkl} ∈ T is
where
For the hyperbolic background geometry, we also have Soddy-Gossett theorem, which says that four geodesic circles in H 2 of radii r i , r j , r k , r l are externally tangent if Analogous to the Euclidean case, the admissible space of a tetrahedron {ijkl} ∈ T to be a hyperbolic tetrahedron is given by
where Q H ijkl is given in (2.3). There is also a version of Soddy-Gossett theorem for the spherical background geometry. We suggest the readers to [25, 31] for Descartes circle theorem and general Soddy-Gosset theorems with different background geometries. In this paper, we concentrate on the Euclidean and hyperbolic cases.
Cooper and Rivin [5] called the tetrahedrons generated in this way conformal and proved that a tetrahedron is a Euclidean conformal tetrahedron if and only if there exists a unique sphere tangent to all of the edges of the tetrahedron. Moreover, the point of tangency with the edge {i, j} is of distance r i to i. They got the following useful lemma on the admissible space of sphere packing metrics for a single tetrahedron.
Lemma 2.1 ([5]
). For a Euclidean or hyperbolic tetrahedron {ijkl} ∈ T , the admissible spaces Ω E ijkl and Ω H ijkl are simply connected open subsets of R 4 >0 .
They further pointed out that Ω E ijkl is not convex. However, for a triangulated 3-manifold (M, T ), we know little about the admissible space
Here Ω ijkl denotes the Euclidean or hyperbolic admissible space for a tetrahedron {ijkl} ∈ T according to the background geometry and
>0 is naturally embedded in R N >0 . For further applications, we need a finer description of the admissible space Ω ijkl for a single tetrahedron {ijkl} ∈ T . Geometrically, the nondegeneracy of the tetrahedron is given by the condition that any of the four spheres S i , S j , S k , S l can not go through the gap between the other three spheres when they are externally tangent to each other. This can be separated into the following four cases, each of which determines a degenerate subset of R 4 >0 respectively.
(1) The sphere S i should not go through the gap between the other three mutually externally tangent spheres S j , S k , S l ;
(2) The sphere S j should not go through the gap between the other three mutually externally tangent spheres S i , S k , S l ;
(3) The sphere S k should not go through the gap between the other three mutually externally tangent spheres S i , S j , S l ; (4) The sphere S l should not go through the gap between the other three mutually externally tangent spheres S i , S j , S k .
Denote the degenerate sets corresponding to the four cases, which are subsets of R 4 >0 , as
We have the following result on the structure of the sets V i , V j , V k , V l and Ω ijkl . Here and in the following, Ω ijkl denotes Ω E ijkl or Ω H ijkl according to the background geometry.
− Ω ijkl and they are mutually disjoint. Furthermore, the intersection of Ω ijkl with any of V i , V j , V k , V l is a connected component of Ω ijkl − Ω ijkl , which is also a piecewise analytic hypersurface of
>0 and a graph on R 3 >0 .
Proof. We analyse the case of Euclidean background geometry with details and just give a sketch for the case of hyperbolic background geometry.
We analysis only the critical degenerate case for V i . The critical degenerate case is that r i is large enough so that the sphere S i of radius r i is large enough to be externally tangent to the other three mutually externally tangent spheres S j , S k , S l , yet small enough that its center i lies in the plane determined by j, k, l. In fact, there should be an additional condition that the sphere S i should lie in the gap between the other three spheres S j , S k , S l . Projecting the spheres to the plane determined by j, k, l, we get four externally tangent circles C i , C j , C k , C l . In some cases, it may happen that there are two circles externally tangent to C j , C k , C l simultaneously. For these cases, we should take the circle with small radius, which corresponds to the condition that the sphere S i lies in the gap between S j , S k , S l .
Suppose S i is the sphere in the gap of the other three spheres S j , S k , S l . Then in the critical degenerate case, by Descartes circle theorem, we have
which is equivalent to the quadratic equation in r i
which is always positive for (r j , r k , r l ) ∈ R 3 >0 . Note that
In the case that A > 0, we have √ r j r k , √ r j r l , √ r k r l satisfy the triangular inequalities.
As B > 0 and C < 0, the quadratic equation (2.6) has two roots with different signs and negative sum. Note that r i > 0, we have The negative root corresponds to the case that the externally tangent circles C j , C k , C l are internally tangent to the circle C i . See (a) in Figure 1 for the possible arrangements of the circles. In the case that A = 0, i.e. √ r j r k + √ r j r l = √ r k r l or √ r j r k + √ r k r l = √ r j r l or √ r k r l + √ r j r l = √ r j r k , we have
This corresponds to the case that there is a straight line tangent to the circles C j , C k , C l on the same side. See (b) in Figure 1 for the possible arrangements of the circles.
In the rest cases, we have A < 0, B > 0 and C < 0 with discriminant ∆ > 0. Then the quadratic equation (2.6) have two different positive roots. This corresponds to the case that there are two circles externally tangent to C j , C k , C l simultaneously. This can be separated into two cases, one of which is C i lies in the gap between C j , C k , C l and the other is one of C j , C k , C l lies in the gap between the other three circles. See (c) in Figure  1 for the possible arrangements of the circles. Note that in critical degenerate case of V i , the four circles with finite radii are externally tangent and the circle C i lies in the gap between the circles C j , C k , C l . So we should take the small root of the equation (2.6) and then
Then, in the critical degenerate case, r i is a function of r j , r k , r l , which is given by
Note that ∂Ω jkl is in fact defined by A = 0, it is easy to check that, as (r j , r k , r l ) tends to any point in ∂Ω jkl , we have
which implies that f is in fact a continuous and piecewise analytic function of r j , r k and r l . Then the degenerate set V i is given by
which is a simply connected subset of R 4 >0 . Similarly, we have
Then we have
We claim that V i , V j , V k , V l are mutually disjoint. This can be proved by contradiction.
>0 . By the geometric meaning of the critical degenerate case, we have
and
where S ijk denotes the area of the triangle {ijk} ∈ F with lengths l ij = r i + r j , l ik = r i + r k , l jk = r j + r k . Combining (2.9) with (2.10), we have S ijk + S ijl ≤ 0, which is impossible. So we have V i ∩ V j = ∅. This completes the proof for the theorem with Euclidean background geometry.
The proof for the case of hyperbolic background geometry is similar. The boundary
>0 is given by the following function
(r j , r k , r l ) ∈ ∂Ω jkl where A =4 tanh 2 r j tanh 2 r k tanh 2 r l + (tanh r j tanh r k + tanh r j tanh r l + tanh r k tanh r l ) 2 − 2 tanh 2 r j tanh 2 r k + tanh 2 r j tanh 2 r l + tanh 2 r k tanh 2 r l , B =2 tanh r j tanh r k tanh r l (tanh r j tanh r k + tanh r j tanh r l + tanh r k tanh r l ) > 0,
Set r i = f (r j , r k , r l ), then f is obviously continuous and piecewise analytic. The corresponding degenerate set V i is given by
The rest of the proof for the hyperbolic case is parallel to that of the Euclidean case, so we omit the details here.
Remark 1. By Theorem 2.2, the admissible space Ω ijkl of sphere packing metrics for a single tetrahedron is in fact homotopic to R 4 >0 . This provides another proof for Lemma 2.1 that Ω ijkl is simply connected, which was first obtained by Cooper and Rivin in [5] .
In the following, we always take
Combinatorial scalar curvature
For a triangulated 3-manifold (M, T ) with sphere packing metric r, Cooper and Rivin [5] defined the combinatorial scalar curvature K i at the vertex i as angle deficit of solid angles
where α ijkl is the solid angle at the vertex i of the tetrahedron {i, j, k, l} ∈ T and the sum is taken over all tetrahedrons with i as one of its vertices. When we are discussing in a single tetrahedron {ijkl} ∈ T , we usually denote the solid angle α ijkl at the vertex v i as α i for convenience in the following. K i locally measures the difference between the volume growth rate of a small ball centered at vertex v i in M and a Euclidean ball of the same radius. Cooper and Rivin's definition of combinatorial scalar curvature is motivated by the fact that, in the smooth case, the scalar curvature at a point P locally measures the difference of the volume growth rate of the geodesic ball with center P to the Euclidean ball with the same radius [1, 26] . In fact, for a geodesic ball B(P, r) in an n-dimensional Riemannian manifold (M n , g) with center P and radius r, we have the following asymptotical expansion for the volume of B(P, r)
where ω(n) is the volume of the unit ball in R n and R(P ) is the scalar curvature of (M, g) at P . From this point of view, Cooper and Rivin's definition of combinatorial scalar curvature is a good candidate for combinatorial scalar curvature with geometric meaning parallel to the smooth case. For a single tetrahedron {ijkl} ∈ T , Cooper and Rivin got the following interesting result.
Lemma 2.3 ([5]). For a single tetrahedron {ijkl} ∈ T , set
S ijkl = A∈{i,j,k,l} α A r A ,
Euclidean background geometry
A∈{i,j,k,l} α A r A + 2Vol, hyperbolic background geometry , where Vol denotes the volume of the tetrahedron for the hyperbolic background geometry. Then
Furthermore, the Hessian of
∂(r i ,r j ,r k ,r l ) is negative semi-definite with kernel {t(r i , r j , r k , r l )|t ∈ R} for the Euclidean background geometry and negative definite for the hyperbolic background geometry.
Combining Lemma 2.1 with Lemma 2.3, we have the following useful lemma on construction of functions.
Lemma 2.4. Given a Euclidean or hyperbolic tetrahedron {ijkl} ∈ T and r 0 ∈ Ω ijkl ,
is a well-defined locally concave function on Ω ijkl . Furthermore, F ijkl (r) is strictly concave on Ω ijkl ∩ {r 2 i + r 2 j + r 2 k + r 2 l = c} for any c > 0 in the Euclidean background geometry and strictly concave on Ω ijkl in the hyperbolic background geometry.
Using Lemma 2.3, we have the following important property for the CR-curvature.
Lemma 2.5. ( [5, 17, 33] ) Suppose (M, T ) is a triangulated 3-manifold with sphere packing metric r, S is the total combinatorial scalar curvature, which is defined as S(r) = K i r i , Euclidean background geometry K i r i − 2Vol(M ), Hyperbolic background geometry . (2.14)
In the case of Euclidean background geometry, Λ is symmetric and positive semi-definite with rank N −1 and the kernel {tr|t ∈ R}. In the case of hyperbolic background geometry, Λ is symmetric and positive definite.
We refer the readers to [15, 18] for a nice geometrical explanation of
. It should be emphasized that, as pointed out by Glickenstein [15] , the elements
for i ∼ j may be negative, which is different from that of the two dimensional case.
Extension of functions
For a single Euclidean or hyperbolic tetrahedron {ijkl} ∈ T , the solid angle function α(r) = (α i (r), α j (r), α k (r), α l (r)) is defined on the admissible space Ω ijkl . However, we can extend the solid angle function by constants to be defined on the whole space R 4 >0 . In fact, we have the following result. Lemma 2.6. Given a Euclidean or hyperbolic tetrahedron, the solid angle function α = (α i , α j , α k , α l ) defined on Ω ijkl could be extended by constants to a continuous function
Proof. The extension α i of α i is defined to be α i (r) = 2π for r = (r i , r j , r k , r l ) ∈ V i and α i (r) = 0 for r = (r i , r j , r k , r l ) ∈ V α with α ∈ {j, k, l}. The extensions α j , α k , α l of α j , α k , α l are defined similarly.
If r = (r i , r j , r k , r l ) ∈ Ω ijkl and r → P for some point P ∈ ∂ i Ω ijkl , then geometrically the tetrahedron {ijkl} tends to degenerate with the center v i of the sphere S i tends to lie in the geodesic plane determined by v j , v k , v l and the corresponding circle C i is externally tangent to C j , C k , C l with C i in the gap between C j , C k , C l . Then we have α i → 2π, α j → 0, α k → 0 and α l → 0, as r → P ∈ ∂ i Ω ijkl . This implies that the extension α of α is continuous on R 4 >0 . Before going on, we recall the following definition and theorem of Luo in [30] . 
Combining Theorem 2.2, Lemma 2.4, Lemma 2.6 and Theorem 2.8, we get the following useful lemma.
Lemma 2.9. For a Euclidean or hyperbolic tetrahedron {i, j, k, l} ∈ T , the function F ijkl (r) defined on Ω ijkl in (2.13) could be extended to the following function 17) which is a C 1 -smooth concave function defined on R 4 >0 with
The global rigidity for CR-curvature
Now we can prove the global rigidity of sphere packing metrics with respect to Cooper and Rivin's combinatorial scalar curvature. We first introduce the following definition. Proof. We only prove the case for Euclidean background geometry and the case for hyperbolic background geometry is proved similarly. Suppose r 0 ∈ Ω is an admissible sphere packing metric. Define a Ricci potential function
where the function F ijkl (r) is defined by (2.17) . Note that the second term in (3.1) is linear in r and well-defined on R N >0 . Combining with Lemma 2.9, we have F (r) is a well-defined C 1 -smooth convex function on R N >0 and strictly convex on R N >0 ∩ S N −1 . Furthermore,
If there are two different sphere packing metrics r A and r B in Ω with the same combinatorial scalar curvature K, then they are both critical points of the extended Ricci potential function F (r) by (3.2) . It follows that
Then f (t) is a C 1 -smooth convex function on [0, 1] and f (0) = f (1) = 0, which implies that f (t) ≡ 0 on [0, 1]. Note that r A ∈ Ω and Ω is an open subset of R N >0 , there exists > 0 such that
where Λ is the matrix defined in (2.16). By Lemma 2.5, we have r A = cr B for some positive constant c ∈ R. So there exists only one sphere packing metric up to scaling with the given admissible function K for the Euclidean background geometry.
Remark 2. The variational method used to prove Theorem 3.2 was first found by Y. C. de Verdière [6] , and then further studied in [4] . The extension of convex function was first used in [2] to study the combinatorial curvature on triangulated surfaces with piecewise linear metric. This method was then used in the proof of the rigidity of inversive distance circle packing metric [21, 30] . These methods are then use by Ge, Jiang and the author to study the rigidity and deformation of a new combinatorial curvature for two and three dimensional triangulated manifolds [7, 8, 9, 10, 11, 12, 13, 14] .
4 The global rigidity for R-curvature
In [11] , Ge and the author once introduced the combinatorial scalar curvature
for the Euclidean background geometry, which is motivated by the geometric approximation and transformation properties of the smooth scalar curvature. As mentioned in the introduction, this definition can be modified to fit the case of hyperbolic background geometry. In fact, we have the following definition of combinatorial scalar curvature on 3-dimensional manifolds.
Definition 4.1. Given a closed triangulated 3-manifold (M, T ) with Euclidean or hyperbolic background geometry, the combinatorial scalar curvature is defined to be Remark 3. R-curvature could be defined for spherical background geometry as
For R-curvature, we have the following global rigidity. (1) In the case of Euclidean background geometry, if R ≡ 0, there exists at most one sphere packing metric r ∈ Ω with combinatorial R-curvature R up to scaling; if R ≤ 0 and R ≡ 0, there exists at most one sphere packing metric r ∈ Ω with combinatorial R-curvature R.
Proof. We only prove the case of Euclidean background geometry in details and give a sketch of the proof for the case of hyperbolic background geometry.
Suppose r 0 ∈ Ω is an admissible sphere packing metric. Then we can define the following Ricci potential function F (r) by R
on Ω. Note that the function F ijkl (r) defined on Ω ijkl could be extended to F ijkl (r) defined by (2.17) on R N by Lemma 2.9 and the second term
3) can be naturally defined on R N >0 , then we have the following extension F (r) on R N >0 of the Ricci potential function F (r)
As F ijkl (r) is C 1 -smooth concave by Lemma 2.9 and
If there are two different sphere packing metrics r A , r B ∈ Ω with the same combinatorial R-curvature R, then r A ∈ Ω, r B ∈ Ω are both critical points of the extended Ricci potential F (r). It follows that In the case of R ≤ 0 and R ≡ 0, it is easy to check that F (r) is strictly convex on Ω, which implies that f (t) is strictly convex on [0, ] and f (t) is a strictly increasing function on [0, ]. Then f (0) = 0 implies f ( ) > 0, which contradicts f (t) ≡ 0 on [0, 1]. So there exists at most one sphere packing metric with combinatorial R-curvature R.
In the case that R ≡ 0, we have f (t) is C 1 convex on [0, 1] and smooth on [0, ].
By Lemma 2.5, we have r A = cr B for some positive constant c ∈ R. So there exists at most one sphere packing metric with zero R-curvature up to scaling. For the case of hyperbolic background geometry, the Ricci potential F (r) and its extension F (s) are defined as
respectively. The proof for the hyperbolic background geometry is almost parallel to the case of Euclidean background geometry, so we omit the details here. As a corollary of Theorem 4.2, we have the following global rigidity for the sphere packing metrics with constant combinatorial R-curvature. (1) In the case of Euclidean background geometry, there exists at most one sphere packing metric with constant combinatorial R-curvature 0 up to scaling and there exists at most one sphere packing metric with negative constant combinatorial R-curvature c ∈ R.
(2) In the case of hyperbolic background geometry, there exists at most one sphere packing metric with nonpositive constant combinatorial R-curvature.
Remark 4. The local rigidity of sphere packing metrics with nonpositive constant Rcurvature for Euclidean background geometry was first obtained in [11] .
5 The global rigidity for combinatorial α-scalar curvature
In [13] , Ge and the author once generalized the R-curvature to α-curvature for any parameter α ∈ R on surfaces with Euclidean background geometry. As before, we can modify the definition to fit the hyperbolic background geometry as follows.
Definition 5.1. Given a closed triangulated 3-manifold (M, T ) with Euclidean or hyperbolic background geometry and α ∈ R is a constant, the combinatorial α-curvature is defined to be
, where s i (r) = r i , Euclidean background geometry tanh (1) In the case of Euclidean background geometry, if αR ≡ 0, there exists at most one sphere packing metric r ∈ Ω with combinatorial α-curvature R up to scaling. For R ∈ C(V ) with αR ≤ 0 and αR ≡ 0, there exists at most one sphere packing metric r ∈ Ω with combinatorial α-curvature R.
(2) In the case of hyperbolic background geometry, if αR ≤ 0, there exists at most one sphere packing metric r ∈ Ω with combinatorial α-curvature R. for the hyperbolic background geometry as the extended Ricci potential functions respectively. As the proof of Theorem 5.2 is parallel to that of Theorem 4.2, we omit the details here.
Remark 5. The global rigidity result for α-curvature, i.e. Theorem 5.2, generalizes Theorem 3.2 on the global rigidity of CR-curvature and Theorem 4.2 on the global rigidity of R-curvature. Especially, if α = 0, the condition αR ≤ 0 in fact has no restriction on R.
